PE-CE: Lecture 2
Review of Elasticity

LECTURE OUTLINE

Stress Tensor
Equilibrium

Stress Transformations
Principal Stress

OO000 0

Strain - Displacement Relations
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Stress at a Point
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Stress Tensor
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Equilibrium Equations
Sum of the Moments
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Stress Tensor
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Element with Finite Dimensions
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Equilibrium Equations
Sum of the Forces
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Example

The stress field within an elastic structural member is
expressed as follows:

o, =-x3+y?, T, =52+2y2, T, =xz3+x%y
o,=2x3+.5y?, 1,,=0, o,=4y%-z3

Determine the body force distribution required for equilibrium.
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Stress at a Point
Shown in the Tensile (+) Direction
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Transforming Stress in Three
Dimensions

y A is the area y
of the inclined
surface

3
>
3
>
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Transformation Equations

= 2 2 2
Oy =0, Ny+0o, N +0, N, +2:7, NNy +2:7, Ny N, +2:7,-N,-N,

n,.

— . 2 . 2 . 2 . . . . . . . . .
o,=0,N,+0,-N,+0,-N,+2-7, N, -N,+2-7, -N,-N,+2-7,-N, N,

O, =0, My +0, N +0, Ny +2:Ty, Ny Ny +2:7, Ny Ny +2-7, -0, Ny
Toy =0y Ny Ny +0, Ny Ny +0,-N, N, +7,, (N, -Ny +0, N )
+ 7, (N Ny 0, N ) +7, (N Ny, +N0, N )
Ty =0, Ny "Ny +0, Ny Ny +0, NN +7, (N sNyy +N N )
+7,-(Ny, "N, +0, -0, ) +7, (N, -0, +0,, N, )
T,y =0 Ny Ny+o,-N,-n,+0o,-n,-N,+7,-(N,-N,+N,-N,.)

+ z-yz = (ny'y N, + ny’z ’ Iqz’y) T T, (ny'x -n,, + ny’z ’ r]z’x)
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Inverting the Stress Tensor
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Example 1:

Write the transformation Matrix for the following:
- First a positive 45° about z axis
- Second a positive 30° about the new X’ axis

[ 0.7017 0.7017 O] 1 0 0
T1=|-0.7017 0.7017 O T2=|0 0866 05
-0 0 1 0 -05 0.866

[ 0.7071 0.7071 0 |
T2*T1=|-0.6124 0.6124 05
| 0.3536 —0.3536 0.866

Union College MER311: Advanced Strength of Materials 13
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Solution to Example 1:

Write the transformation Matrix for the following:
-First a positive 45° about z axis

[ 0.7017 0.7017 O]
T1=|-0.7017 0.7017 O
0 0 1

- Second a positive 30° about the new X’ axis

1 0 0 [ 0.7071 0.7071 0
T2=|0 0866 05 T2*T1=|-0.6124 0.6124 05
0 —05 0866 | 0.3536 —0.3536 0.866

Union College MER311: Advanced Strength of Materials 14
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Example 2:

The stress tensor at a point in a machine element with respect
to the inertial coordinate system is

50 10 0
lo]={10 20 40 |MPa
0 40 30

Determine the state of stress if the stress element is
rotated 45° counterclockwise about the z axis followed by
30° about the new X’ axis.

Union College MER144: Machine Design 15
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Solution to Example 2:

Stress Transformation
[O-]x’y’z’ = [T].[O-]xyz [T ]T =

Transformation Matrix
[ 0.7071 0.7071
T=T2*T1=|-06124 0.6124

(450 1.15 32.0)
1.15 50.7 16.3

| 0.3536 —0.3536 0.866 |

1320 163 4.25]

—
0.5

Transpose of Transformation Matrix

0 0.5 0.866

(0.7071 —-0.6124 0.3536 |
T'=[0.7071 0.6124 -0.3536

MPa
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Stress at a Point
Shown in the Tensile (+) Direction
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Principal Stresses

04y 03, O3

Eigenvalues of Stress Tensor

Eigenvectors are the direction cosines
for the Principal Stresses
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Two Dimensional/Plane Stress

Transformations
o,to, o,-0, :
o, = + -C0s 20 + 7, -Sin 20
1 2 2 y
o,to, o,-0, :
o, = = -C0s20 -1, -sin26
Y1 2 2 Yy
c,—0, _
Cre==> -Sin20 +r, -c0s 26
Principal Stresses
2
o,+0 o,—O 2-T
o,=——1% || —2L| +7; tan260, = -
| 2 2 : © o,-0,

2
O-X_O-y 5
Tmax=\/( > J +Txy
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Three Dimensional
Stress Invariants

3 2
o,—(o,+0,+0,) 0,
+(o,-0,+0,-0,+0,:0,— 1., —T> —T.)-C
X y y Z X Z yz ZX Xy p

2 2 2\
—(O'X°Gy°O'Z+2°TyZ'T T, —Gx-ryz—ay-rzx—az-rxy)—O

Xz y
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Example 1

Determine the principal stresses and their directions for the
tensor shown.

50 10 0
lo]={10 20 40|MPa
0 40 30




Solution to Example 1

Principal Stress

-16.17 0 0
lo,]=| 0 483 0 |MPa
0 0 679

Direction Cosines

—0.1135 0.7509 —0.6506 |
[T]=| 0.9263 —0.1568 —0.3425
| 0.3592 0.6415 0.6778
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Three Dimensional ,
Mohr’s Circle ]
:

o, is present Txy
but not shown l(;
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Example 2

A structural member is found to have an axial stress of
150MPa and a transverse stress of 100MPa. The stress
orthogonal to these stresses is zero. Calculate the maximum
shear stress in this member at this point.

Union College MER144: Machine Design 24
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Example 3

Determine the principal stresses and the maximum shear
stress for the following state of stress.

12 4 0
lo]=| 4 -8 0
0 0 6
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Strain-Displacement
Relationships

u+—-Ay
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X
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Normal Strain - Displacements
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Shear Strain - Displacements
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Curvature - Displacements

O = %(%X = a%y)
O = %(ﬁ%z = aw/ﬁx)

Union College MER144: Machine Design
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Strain-Displacement Relations
Cylindrical System

ou ou, low
"o " T Troe
lou, u . ow ou
“Trer T a T a
ow 1 ou ou, u,
8z — ] 'Yre = +

0z r 00 or r
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Compatibility

Displacements match boundary
conditions

Displacements are single valued

Displacements are continuous
functions of position

The body must be pieced together;
no voids are created in the
deformed body

Union College
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Compatibility

azj/xy = O’c 825y

X

oX-0y  oy?
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Compatibility Continued

2 0 0
2. a‘g'x :i. yyz_l_ﬁyzx_l_ 7/xy
oy:-0Z OX OX oy 0z
2. a28)’ :E. a7/)’2_87/zx_|_&7/xy
OZ-0x oy \ ox oy 0z
2. 82gz :£. a7/)’X a7/zx _aj/xy
OX-0y 07 | OX oy 0z
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Example

The following displacement field is applied to a certain body
where k=104

u=k(2x+y?), v=k(x2? -3y?), w=0

(a) Show the distorted configuration of a two-dimensional
element with sides dx and dy and its lower left corner (point
A) initially at the point (2,1,0), i.e., determine the new length
and angular position of each side.
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Strain Tensor

gx 7/xy 7/xz
2 2
yyx 7/yz
cl= =
[ ] 2 y 2
s ) e
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Strain Transformations

T = n,, n, n,

Union College MER144: Machine Design
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Two Dimensional/Plane
Strain Transformations

« General Transformation Equations

£+, £ —¢
g =—— 4>~ /00520 + 22 .5in 20
1 ? 2 2
£, —¢€
Pave 5% Ginog+ D% .sin20c0s20
2 2 2

 Principal Strains

2 2
+ =
812=8X 8y T &, 8y = }’Xy
’ 2 2 2
2 2
Y max = 8X_8y + yxy
2 2 2
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Typical Strain Gage Rosettes

M
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Typical Strain Gage Rosettes

A axial

le.= &, = 1237(10°%) infin = 1237e (12)
le,4/= &, = 1270(10°9) infin = 1270pe (13)
le..|= &, = 402(10°6) infin = 402u¢ (14)

Mechanical Engineering



Transverse Sensitivity

3)

< _éa'(l_VO°Ka)_Ka°éc'(1_VO°KC)
; 1-K, - K
c = éb '(1_‘/0 ] Kb) = Kb '[éa '(1_‘/0 ] Ka)'(l_ Kc)+‘§c '(1_‘/0 ] Kc)(l_ Ka)]
=LK, (1-K,-K)- (1K)
< _éc'(1_‘/0°Kc)_Kc°‘§a'(1_VO°Ka)
° 1-K_-K,
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Mohr’s Circle for Strain

< & =|
: leo|= &, = 1237(10°) infin = 1237pe
4 |ey<= €, = 1270(10%) in/in = 1270pe
o le|= €, = 402(10°9) infin = 402pe
Union College MER311: Advanced Strength of Materials 41

Mechanical Engineering



Mohr’s Circle for Strain

2le. o€ |=le.te.-28
| |ave bl |a [ bl

< 8avezl/z(‘c;a'*_gc) > — |8ave'8b|

%
<=
m
o
et
[«

€a2
l—— € —>|<— >
C |8a'gc|
< €4 >
< € >

le 4= €, = 1237(10) in/in = 1237pe
4 |ey<= €, = 1270(10%) in/in = 1270pe
5 le+|= &, = 402(10-) in/in = 402pe

N

Union College

MER311: Advanced Strength of Materials
Mechanical Engineering

42



Stress-Strain Curve

True Stress-Strain versus Engineering Stress-Strain

True atresc,
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Relationship Between Stress
and Strain

F~ ,4
| ~ = |
\4 ”
| |
/I |
LS 2
N 7
~ /'\X
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Stress-Strain Relations

-[ax—v-(ay+az):| Yy = 22
=
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1
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Matrix Form of Stress-Strain
Relations

I Y Y 5 0 o0
E E E
el |-X X Y 0 0 offe
E E E
(02
y
_L _L i O O 0 =
£, E E E o,
4 L — < S
&% 0o 0 0 =~ o ol]%
Y G ) z
Y 0 0 0 0 = 0]}l7
G
0o 0 0 0 0 ~—
B G
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Matrix Form of Stress-Strain
Relations

Iy v 0 0
E E E
) =X L _r 0 0 o,
E E E
g, g,
v v 1 0 0 0
J&|_ | E E E o,
Yy 0 0 0 2(1+V) 0 0 Ty,
Yy = =
7y |0 0 0 0 2'(?") 0 Ty
0 0 0 0 0 2'(?")
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Strain-Stress Relations
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Typical Strain Gage Rosettes

45°

Shibi

o e ? \\
\ I} y
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le..J= £, = 1237(10) infin = 1237pe (12) @
lepsd= &, = 1270(10°9) infin = 1270pe (13)
le..|= &, = 402(10°) infin = 402p¢ (14)
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Anisotropic Materials

ISOTROPIC - material properties are the
same in all directions

ANISOTROPIC - material properties
change with direction

HOMOGENEOUS - material of uniform
composition throughout and whose
properties are constant at every point

HETEROGENEOUS - material uniformity
within a body consisting of dissimilar
constituents separately identifiable

nion College



Assumptions

The elastic body is a continuous
medium

H the body is a solid

The relation between the
components of strain and the
projections of displacement and
their first derivatives with respect
to the coordinates is linear

H only small strains are considered

Union College

Mechanical Engineering



Assumptions

[1 The stress-strain relations are linear

B the material follows the generalized
Hooke’s law

B the coefficients in these linear relations
may be either constant (homogeneous
body) or variable - functions of position,
continuous or discontinuous (non-
homogeneous body)

[1 Theory is based on classical linear theory
of homogeneous or non-homogeneous
elastic bodies

Union College
Mechanical Engineering



Major Notation

[0 Coordinate Systems
H Cartesian-x,y, 2z
B Cylindrical-r, 0, 2
B Spherical -p, 0, ¢

[l Stresses acting on (.
planes normal to the .,
co-ordinate -
directions
E one normal = e

normal Stress

B two tangential =
shearing stresses

Union College
Mechanical Engineering



Stress-Strain Relations
36 (81) Constants

S61 S62

S64 S65

S63

\

Stiffness

Compliance

54

Mechanical Engineering
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Symmetry of the
Stiffness Matrix

L

Elastic Potential/Strain Energy Density
B Incremental work per unit volune

B dW=cdc,

Using the Stress-Strain Relations

B dW=C cd¢

Work per Unit Volume

B W=1/2 C;c;c;

dW/dc=C;; or dW?/de; dg; =C;; thus C;= C;

™)

Union College
Mechanical Engineering
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Stiffness and Compliance down

from 36 to 21 Constants

o~ ™ < o © T N ©@ = o ©
—l — — — — NI — — — — —
OO OLVL LV mwmu un

Il Il
I o~ ™ ™ ™ o~ — ~ ™ ™ ™ ~
b b b e s e W oW W o

Stiffness

Compliance

56
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One Plane of Elastic Symmetry

Monoclinic
13 Independent Constants
06,] (C, C, C, 0 0 C.| [e]
o, C12 C, C 0 0 C g,
Jos| _JCs Ca Cw 0 0 Cyl J&|
T,, co 0 O ¢C, C,. O Vsa
T, o 0 0 C, C. O Y15
T,] (G C, C 0 O o) (Vi
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Three Planes of Elastic Symmetry

Orthotropic Body
9 Independent Constants

o6,] (C, C, C, 0 0 0] [e]
62 C12 C22 C23 O O O 82
c, C. C, C, 0 O O €,

4 P = 9 > * 9 >
TZ3 O O O C44 O O YZ3
Tl3 O O O O C55 O 'YlB

LT].ZJ § O O O O O C664 L'YlZJ

nion College



Stiffness Matrix
Orthotropic Body

G, C,
G, Cx,
G; C,
L = ¢
T,s 0
Tis 0
\TlZJ " O

000

w
N

o O o

= Szz : S33 = S23 : S23

O O o o
O O o o o

S

= S33 z S’11 = S13 : 813

S

— S11 : S22 - SlZ : 812

— S12 : S13 - S23 : 811

S

S= S11 : Szz : 833 +511'823 'Sz3 +Szz '813

; C =(1_023'U32)'E1
g, 11 1—v
g, C. = (021 — Uz ° D23)' E, = (012 —Usy° D13)' E,
2 1-v 1-v
* C _(031_021"—)32)'E1 _ (013_012"—)23)'E3
B 1-v B 1-v
Yia C,, = (1_ l)1]3- . D31)' E,
— U
C.. = (032 —VUypp - ‘-)31)' E, _ (023 — Uy u13)' E,
= 1-v 1-v
C.. = (1_012 '021)' E,
1 33— 1—v
Sim C44 = Gz3 C55 = Gl3 C66 = G12
Ses U = Uy, < Uy + Uy ° Ugp + U3+ Vg3
1

'513+833'512'812+2'512'823'813
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Compliance Matrix
Orthotropic Body

1 L v
() ( Y ( S, =— S, = — =21 S..= —_—
€, Sy S S5 0 0 0 O, t E1 12 E2 13 E3
€, S,, S,, S, 0 0 0] |o, s - Ly, S - 1 S - Vg
€3 Sy Sz Sz 0 0 0 G, £ E 22 E = E
T =3 SRS 1 2 3
Y23 0 0 Sy O 0 T3 S = _h S = _E S = i
Y13 0 0 0 0 S O T3 31 E1 3 E2 33 E3
Y 0O O 0 0 S T 1 1 1
e R Sy = Sgs = Ses =
GZ3 Gl3 GlZ
Union College 60
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Relationship Between S and C

Cll _ Szz s 833 = 823 , C44 = i , C12 _ 813823 — 812833
S S.. S
2
C, = Sy Sé,l S, C. = Si . C. - S.,S. 8513522
55
2
C,.= = stz S5 , C, = Si . C,, = SIPASIE = S50,
66
S=S,S,S,,-S,S% -S,,5, S, 5%, +2S,,S,.S,.



One Plane in which the
Mechanical Properties are Equal

Transversely Isotropic
6 Independent Constants

r Gl 1 rCll C12 C13 O O O \ r 81 \
62 C12 C22 C13 O O O 82
63 C13 C13 C33 O O O 83

4 s = < > * 9 >
123 O O O C44 O O YZB
TlS O O O O C44 O YlB

LT]-ZJ \ O O O O O 2(C:ll = C12 )J L’YlZJ
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Material Properties Equal
in all Directions

Isotropic
2 Independent Constants
o,] [C, C, C, 0 0
s,| |C, C, C, 0 0
s,| |C, C, C, 0 0
{10 o o 2c,-c,) o
.l [0 0 0 0 2(C,-C,,)
) 10 0 0 0 0 2(C,,-C,)]




Matrix Form of Stress-Strain
Relations

I Y Y 5 0 o0
E E E
el |-X X Y 0 0 offe
E E E
(02
y
_L _L i O O 0 =
£, E E E o,
4 L — < S
&% 0o 0 0 =~ o ol]%
Y G ) z
Y 0 0 0 0 = 0]}l7
G
0o 0 0 0 0 ~—
B G
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Matrix Form of Stress-Strain
Relations

Iy v 0 0
E E E
) =X L _r 0 0 o,
E E E
g, g,
v v 1 0 0 0
J&|_ | E E E o,
Yy 0 0 0 2(1+V) 0 0 Ty,
Yy = =
7y |0 0 0 0 2'(?") 0 Ty
0 0 0 0 0 2'(?")

Mechanical Engineering



Example 1

Given the following state of stress, determine
the state of strain. EE200Gpa, v=0.3

12 6 9
loc]=| 6 10 3 |MPa
9 3 14
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Example 2

Given the following state of strain, determine
the state of stress. E=200GPa, v=0.3

3 -1 2
le]=|-1 0 -4|x10"
2 -4 5

Union College MER144: Machine Design



Typical Constituent
Properties

E. (GPa)
Er (GPa)
VL
VT
G, (GPa)
Gt (GPa)
oL (GPa)
e (GPa)

o, (10°/°C)
ar (10°/°C)
K. (cal/s'cm®°C)
K. (cal/s'cm®°C)

p (g/cm®)

Graphite Graphite
AS4 & T300 HMS & VS0032

220 370
22 7.6
0.30 0.41
0.35 0.45
22 15.2
8.3 2.8
2.8 1.2
1.3 0.3
-1.3 -0.7
7.0 9.7

49(10%) 20(1073)

3.5(10%) 4.2(10°)
1.72 1.99

Kevlar 49

124
6.9
0.33
0.33
2.8
2.8
2.8
2.5
-1.8
54
6.9
1.0

1.44

E-Glass

72.3
72.3
0.2
0.2
30.1
30.1
3.4
4.8
12.0
12.0
2.3(10%)
2.3(10®)
2.55

S-Glass

85.4
85.4
0.22
0.22
35.1
35.1

4.5

5.4
12.0
12.0

2.3(10)

2.3(10%)
2.49

Union College
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Typical Composite Properties

E: (Gpa)
Ez (Gpa)
Es (Gpa)
V23
Vi3
Vi2
G23 (Gpa)
Gz (Gpa)
G12 (Gpa)
a; (10°/°C)
a, (10°°C)
a3 (10°/°C)
B1 (10°%/%M)
B, (10°%/%M)
B3 (10°/%M)

Graphite-
Polymer

155.0
12.10
12.10
0.458
0.248
0.248
3.20
4.40
4.40
-0.018
24.3
24.3
146.0
4770
4770

Glass-Polymer

50.0
15.20
15.20
0.428
0.254
0.254

3.28

4.70

4.70

6.34

23.3

23.3

434.

6320

6320

Aluminum

72.4
72.4
72.4
0.3
0.3
0.3
27.8
27.8
27.8
22.5
22.5
22.5
0
0

Union College
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Typical Composite
Tensile Data

D3039 90° SG Specimens

9]

Stress (ksi)

- 77-37

« 77-38
« 77-51

- 77-52

77-53
77-54

w

77-55
« 77-56

« 77-57
77-58

0 0.001

0.002 0.003 0.004

Strain ()

0.006

Union College
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Typical Composite
Tensile Data

Stress vs. Strain

350
300 \/\
250
= 200 L
=
b / = [3039-77-10
Q
& 150 B Modulus
e | inear (Modulus)
100
y=17245x+6.42
50
0 T T T T T 1
0 0.002 0.004 0.006 0.008 0.01 0.012
Strain ()
71
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Typical Composite

Tensile Data

Poisson's Ratio

Poisson's Ratio

Time (seconds)

# Poisson's Ratio

Union College
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Typical Composite
Tensile Data

o -
D3039 0° SG Specimens
400
350 /
300
« 7712
250 « 77-13
= « 77-14
220
= » 77-15
7]
J§0 77-16
17-17
100
77-18
50 *77-19
0 '.- ¢ | | —e—ee— | | |
0.002 0.004 0.006 0.008 0.01 0.012 0.014
-50
Strain (g)
Union College 73
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Typical Composite
Data Summary

Ijantilure Stress (ksi) vs. Measurement Technique & Sample Type

]
Mean: 202 .07,
. ==
300+ | | I
‘i
—_
- 250+
o
&z
i 2001
=
= 1504
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Typical Composite
Tensile Data
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Typical Composite
Compression Data

D6641 0° Specimens (Load Frame)
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Typical Composite
Compression Data

D6641 90° Specimens (Load Frame)

]
D

[HEY
co

.
L]
[HEY

oo

H
i

- 80-19
* 80-20

« 80-21

Stress (ksi)

[HEY
as]

[uEY
NS
P B

- 80-22

o

80-23
80-24

(o)

80-25

[
*
i

-0.018 -0.016 -0.014 -0.012 -0.01 -0.008 -0.006 -0.004
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Restrictions on Engineering
Constants - Isotropic

[0 Shear Modulus
B G=E/2(1+vV)
H v>-1
0 Hydrostatic Pressure c,= c,= c,=-p

y
B The sum of the normal or extensional

strains
B O=¢,*c +*e,=pl (E/ 3(1-2v)) = p/K
B K- Bulk Modulus = E/ 3(1-2v)
B v<1/2

nion College



Restrictions on Engineering
Constants - Orthotropic

S115 8225 S33;5 S44y Ss57 S >0

Ci1s G225 €33, Cyyy Cs55 Cg6 >0
(1-v23v32)>0, (1-v43v34)>0, (1-v4,v,4)>0
A=1= v43Va4= Va3V32" V43V34= 2V24V32
v43>0

See Jones pp 68-69
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