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PE-CE: Lecture 2

Review of Elasticity

LECTURE OUTLINE  

 Stress Tensor

 Equilibrium

 Stress Transformations

 Principal Stress

 Mohr’s Circle For Stress

 Strain – Displacement Relations
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Stress Tensor
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Equilibrium Equations
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Stress Tensor
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Equilibrium Equations

Sum of the Forces
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Example

The stress field within an elastic structural member is 

expressed as follows:

σ
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Determine the body force distribution required for equilibrium.
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Inverting the Stress Tensor

























zzyzxz

zyyyxy

zxyxxx

nnn

nnn

nnn

T

,,,

,,,

,,,

 jijin   cos

       Txyzzyx TT  

z

x

y

z’

y’

x’


x’y


x’x


x’z

A
x

A
z

A
y



Union College

Mechanical Engineering

Example 1:

MER311: Advanced Strength of Materials 13

Write the transformation Matrix for the following: 

- First a positive 45° about z axis

- Second a positive 30° about the new x’ axis

0.7017 0.7017 0 1 0 0

1 0.7017 0.7017 0 2 0 0.866 0.5

0 0 1 0 0.5 0.866

T T

   
   

  
   
      

0.7071 0.7071 0

2* 1 0.6124 0.6124 0.5

0.3536 0.3536 0.866

T T

 
 

 
 
  
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Write the transformation Matrix for the following: 

-First a positive 45° about z axis

- Second a positive 30° about the new x’ axis

0.7017 0.7017 0

1 0.7017 0.7017 0

0 0 1

1 0 0

2 0 0.866 0.5

0 0.5 0.866

T

T
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
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  

0.7071 0.7071 0

2* 1 0.6124 0.6124 0.5

0.3536 0.3536 0.866

T T
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Example 2:

The stress tensor at a point in a machine element with respect 

to the inertial coordinate system is

  MPa



















30400

402010

01050



Determine  the state of stress if the stress element is 

rotated 45
o

counterclockwise about the z axis followed by 

30° about the new x’ axis.
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Solution to Example 2:
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0.7071 0.7071 0

2* 1 0.6124 0.6124 0.5

0.3536 0.3536 0.866

T T T
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       
45.0 1.15 32.0

1.15 50.7 16.3

32.0 16.3 4.25

T

x y z xyz
T T MPa 

  

 
 

   
 
  

0.7071 0.6124 0.3536

' 0.7071 0.6124 0.3536

0 0.5 0.866

T

 
 

 
 
  



Union College

Mechanical Engineering

σ
y


yx


xz


xz

Stress at a Point

Shown in the Tensile (+) Direction

MER311: Advanced Strength of Materials 17

σ
x

σ
y

σz

z

y

x


xy


yz


yx


zy


yx

σ
x

σ
z

z
x


xy


yz


zx


zy

y

Surfaces with a Positive

Directed Area Normal

Surfaces with a Negative

Directed Area Normal



Union College

Mechanical Engineering

MER144: Machine Design 18

Principal Stresses

 σ
1
, σ

2
, σ

3

 Eigenvalues of Stress Tensor

 Eigenvectors are the direction cosines 

for the Principal Stresses
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Three Dimensional

Stress Invariants
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Example 1

  MPa



















30400

402010

01050



Determine the principal stresses and their directions for the 

tensor shown. 
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16.17 0 0

0 48.3 0

0 0 67.9

p
MPa

 
      
  

0.1135 0.7509 0.6506

[ ] 0.9263 0.1568 0.3425

0.3592 0.6415 0.6778

T

  
 

  
 
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Three Dimensional
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Example 2

A structural member is found to have an axial stress of 

150MPa and a transverse stress of 100MPa.  The stress 

orthogonal to these stresses is zero.  Calculate the maximum 

shear stress in this member at this point.
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Example 3

Determine the principal stresses and the maximum shear 

stress for the following state of stress.

 


















600

084

0412


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Normal Strain - Displacements
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Shear Strain - Displacements
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Curvature - Displacements
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Strain-Displacement Relations

Cylindrical System

r

u

r

uu

r

1
;

z

w

z

u

r

w
;

r

uu

r

1

w

r

1

z

u
;

r

u

r

rz

r

rz

r

z

r





























































Union College

Mechanical Engineering

MER311: Advanced Strength of Materials 31

Compatibility

 Displacements match boundary 

conditions

 Displacements are single valued

 Displacements are continuous 

functions of position

 The body must be pieced together; 

no voids are created in the 

deformed body
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Compatibility
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Compatibility Continued
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Example

The following displacement field is applied to a certain body 

where k=10
-4.

u=k(2x+y
2
),  v=k(x

2
-3y

2
),  w=0

(a) Show the distorted configuration of a two-dimensional 

element with sides dx and dy and its lower left corner (point 

A) initially at the point (2,1,0), i.e., determine the new length 

and angular position of each side.
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Strain Tensor
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Strain Transformations
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• General Transformation Equations

• Principal Strains

Two Dimensional/Plane 

Strain Transformations
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Typical Strain Gage Rosettes
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|a*|= a = 1237(10-6) in/in = 1237 (12)

|b*|= b = 1270(10-6) in/in = 1270 (13)

|c*|= c = 402(10-6) in/in = 402 (14)

b

45
°

45
°

a

c

axial

hoop
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Transverse Sensitivity
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Mohr’s Circle for Strain
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2
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c |a-c|
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|a*|= a = 1237(10-6) in/in = 1237

|b*|= b = 1270(10-6) in/in = 1270

|c*|= c = 402(10-6) in/in = 402
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Mohr’s Circle for Strain
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|c*|= c = 402(10-6) in/in = 402
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Stress-Strain Curve

True Stress-Strain versus Engineering Stress-Strain
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Relationship Between Stress 

and Strain
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Stress-Strain Relations
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Matrix Form of Stress-Strain 

Relations
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Matrix Form of Stress-Strain 

Relations
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Strain-Stress Relations
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Typical Strain Gage Rosettes
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45°

45°

a

b

c

loop

|a*|= a = 1237(10-6) in/in = 1237 (12)

|b*|= b = 1270(10-6) in/in = 1270 (13)

|c*|= c = 402(10-6) in/in = 402 (14)
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Anisotropic Materials

 ISOTROPIC - material properties are the 

same in all directions

 ANISOTROPIC - material properties 

change with direction

 HOMOGENEOUS - material of uniform 

composition throughout and whose 

properties are constant at every point

 HETEROGENEOUS - material uniformity 

within a body consisting of dissimilar 

constituents separately identifiable
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Assumptions

 The elastic body is a continuous 

medium

 the body is a solid

 The relation between the 

components of strain and the 

projections of displacement and 

their first derivatives with respect 

to the coordinates is linear

 only small strains are considered
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Assumptions

 The stress-strain relations are linear

 the material follows the generalized 

Hooke’s law

 the coefficients in these linear relations 

may be either constant (homogeneous 

body) or variable - functions of position, 

continuous or discontinuous (non-

homogeneous body)

 Theory is based on classical linear theory 

of homogeneous or non-homogeneous 

elastic bodies
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Major Notation

 Coordinate Systems

 Cartesian - x, y, z

 Cylindrical - r, , z

 Spherical - , , 

 Stresses acting on 

planes normal to the 

co-ordinate 

directions

 one normal = 

normal Stress

 two tangential = 

shearing stresses
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Stress-Strain Relations
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Symmetry of the 

Stiffness Matrix

 Elastic Potential/Strain Energy Density

 Incremental work per unit volune

 dW=idi

 Using the Stress-Strain Relations

 dW=Cijjdj

 Work per Unit Volume

 W=1/2 Cijij

 dW/di=Cijj or dW
2
/di dj =Cij thus Cij= Cji
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Stiffness and Compliance down 

from 36 to 21 Constants
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One Plane of Elastic Symmetry
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Three Planes of Elastic Symmetry
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Stiffness Matrix

Orthotropic Body
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Compliance Matrix

Orthotropic Body
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Relationship Between S and C
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One Plane in which the 

Mechanical Properties are Equal
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Material Properties Equal

in all Directions
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Matrix Form of Stress-Strain 

Relations
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Matrix Form of Stress-Strain 

Relations
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Example 1

Given the following state of stress, determine 

the state of strain. E=200Gpa, =0.3

  MPa



















1439

3106

9612





Union College

Mechanical Engineering

MER144: Machine Design 67

Example 2

Given the following state of strain, determine 

the state of stress. E=200GPa, =0.3

  4
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Typical Constituent 

Properties

 
Graphite  

AS4 & T300 

Graphite 

HMS & VS0032 
Kevlar 49 E-Glass S-Glass 

EL (GPa) 220 370 124 72.3 85.4 

ET (GPa) 22 7.6 6.9 72.3 85.4 

L 0.30 0.41 0.33 0.2 0.22 

T 0.35 0.45 0.33 0.2 0.22 

GL (GPa) 22 15.2 2.8 30.1 35.1 

GT (GPa) 8.3 2.8 2.8 30.1 35.1 


tu

L (GPa) 2.8 1.2 2.8 3.4 4.5 


tu

L (GPa) 1.3 0.3 2.5 4.8 5.4 

L (10
-6

/
o
C) -1.3 -0.7 -1.8 12.0 12.0 

T (10
-6

/
o
C) 7.0 9.7 54 12.0 12.0 

KL (cal/s
.
cm

.o
C) 49(10

-3
) 20(10

-3
) 6.9 2.3(10

-3
) 2.3(10

-3
) 

KL (cal/s
.
cm

.o
C) 3.5(10

-3
) 4.2(10

-3
) 1.0 2.3(10

-3
) 2.3(10

-3
) 

 (g/cm
3
) 1.72 1.99 1.44 2.55 2.49 
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Typical Composite Properties

 
Graphite-

Polymer 
Glass-Polymer Aluminum 

E1 (Gpa) 155.0 50.0 72.4 

E2 (Gpa) 12.10 15.20 72.4 

E3 (Gpa) 12.10 15.20 72.4 

23 0.458 0.428 0.3 

13 0.248 0.254 0.3 

12 0.248 0.254 0.3 

G23 (Gpa) 3.20 3.28 27.8 

G13 (Gpa) 4.40 4.70 27.8 

G12 (Gpa) 4.40 4.70 27.8 

1 (10
-6

/
o
C) -0.018 6.34 22.5 

2 (10
-6

/
o
C) 24.3 23.3 22.5 

3 (10
-6

/
o
C) 24.3 23.3 22.5 

1 (10
-6

/%M) 146.0 434. 0 

2 (10
-6

/%M) 4770 6320 0 

3 (10
-6

/%M) 4770 6320 0 
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Typical Composite 

Tensile Data
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Typical Composite 

Tensile Data
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Typical Composite 

Tensile Data
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Typical Composite 

Tensile Data
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Typical Composite 

Data Summary
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Typical Composite 

Tensile Data
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Typical Composite 

Compression Data
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Typical Composite 

Compression Data
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Restrictions on Engineering 

Constants - Isotropic

 Shear Modulus

 G=E/2(1+)

 >-1

 Hydrostatic Pressure 
x
= 

y
= 

z
=-p

 The sum of the normal or extensional 

strains

 
x
+ 

y
+ 

z
=p/ (E/ 3(1-2)) = p/K

 K- Bulk Modulus = E/ 3(1-2)

 <1/2
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Restrictions on Engineering 

Constants - Orthotropic

 S
11

, S
22

, S
33

, S
44

, S
55

, S
66 

>0

 C
11

, C
22

, C
33

, C
44

, C
55

, C
66 

>0

 (1-
23


32

)>0, (1-
13


31

)>0, (1-
12


21

)>0

 =1- 
12


21

- 
23


32

- 
13


31

- 2
21


32 


13

>0

 See Jones pp 68-69


